We present a formulation of domain-wall fermions in the Schrödinger functional by following a universality argument. To examine the formulation, we numerically investigate the spectrum of the free operator and perform a oneloop analysis to confirm universality and renormalizability. We also study the breaking of the Ginsparg-Wilson relation to understand the structure of chiral symmetry breaking from two sources: The bulk and boundary. Furthermore, we discuss the lattice artifacts of the step scaling function by comparing with other fermion discretizations.
Introduction
In the study of CP violation by CKM unitary triangle analysis, hadron matrix elements of four-fermion operators, such as B K , play a vital role. Accurate calculations of this quantity from first principles are an important task for the lattice QCD community. In such calculations, having chiral symmetry is crucial to avoid an operator mixing problem which causes uncontrollable systematic errors. Although lattice chiral fermions [1, 2, 3] are a clean formulation, they require enormous computing power to perform dynamical simulations. In comparison, ordinary fermion formulations, like Wilson type fermions and starggared fermions are relatively cheap. Nowadays, however, thanks to the development of computer architecture and algorithms, dynamical simulations with lattice chiral fermions have become feasible even for three flavors [4] . In particular, the RBC/UKQCD collaboration [5] is currently using domain-wall fermions (DWFs) to compute B K . In the course of their computation, there are many sources of systematic errors which one has to control. Among them, the non-perturbative renormalization (NPR) could be serious. At the moment, the collaboration has been using conventional schemes, such as, the RI/MOM scheme and its variants [6, 7] . However, these schemes potentially contain "large scale problem" which requires a quite large lattice volume. To avoid such difficulties, a new scheme was invented, known as the Schrödinger functional (SF) scheme [8] . This scheme provides a reliable way of estimating errors in the NPR. If one wants to use this scheme for the renormalization of B K given by the RBC collaboration, first of all, one has to formulate DWF in the SF setup. This is the purpose of this paper.
While chiral fermions are useful for computing the bare B K to avoid the mixing problem, a formulation for such fermions in the SF setup was a non-trivial task because SF boundary conditions break chiral symmetry explicitly. We will address this issue in the next section. However, Taniguchi [9] made the first attempt to formulate overlap fermions by using an orbifolding technique. Subsequently he provided a formulation for domain-wall fermions and then he and his collaborators [10] calculated a renormalized B K in quenched QCD. Sint [11] developed such techniques by combining with a flavor twisting trick. However, these orbifolding formulations are constrained by the requirement that the number of flavors be even. Thus, apparently such formulations are incompatible with current trends toward dynamical three flavor simulations. To overcome this difficulty, Lüscher [12] gave a completely different approach relying on a universality argument, dimensional power counting and symmetry considerations. Some perturbative calculations were performed in Ref. [13] . A crucial property of this formulation is that there is no restriction on the number of flavors. Since only overlap fermions were considered in Ref. [12] , our main purpose here is to formulate the other chiral fermions, namely, domain-wall fermions.
The rest of the paper is organized as follows. Section 2 gives the formulation of domain-wall fermions in the SF setup, after a brief review of the universality argument. We present several pieces of numerical evidence in Section 3 and 4 to show that our formulation is working properly. We also discuss the lattice artifacts for the step scaling function in Section 5. In the last section, we conclude by giving some remarks and outlook.
Formulation
In the following, we assume that the reader is familiar with the SF in QCD [8, 14] . After giving a brief reminder of the universality argument, we give a formulation for DWF and finally check the chiral symmetry breaking structure numerically.
Universality argument
In the massless continuum theory, the Dirac operator D satisfies the anti-commutation relation with γ 5
The above is true even in the SF setup, although the boundary conditions,
with P ± = (1 ± γ 0 )/2, break chiral symmetry explicitly. Eq.(1) means that the operator itself does not know about boundary conditions. In the continuum theory, information such as boundary conditions is embedded in the Hilbert space. In fact, the corresponding propagator, which is a solution of the inhomogeneous equation,
fails to satisfy the anti-commutation relation. Instead, it follows
This can be derived by using partial integration on the SF manifold which has two boundaries at time slice x 0 = 0 and T . The non-vanishing right-hand side in eq. (5) shows an explicit chiral symmetry breaking. Since such a breaking term is supported only on the time boundaries, the chiral symmetry is preserved in a bulk. If someone naively tries to formulate chiral fermions on the lattice, one may define an overlap operator, for example, with the Wilson kernel in the SF setup [14] . However such an operator immediately satisfies the Ginsberg-Wilson relation and thus cannot reproduce eq.(5) in the continuum limit. This indicates that such naive formulation does not work and furthermore may belong to another boundary universality class which is not what we want. In this way, it is a non-trivial task to formulate chiral fermions in the SF setup.
Some years ago, Lüscher [12] proposed a clever way to overcome this situation. First, consider the relation for the propagator in eq. (5) . This indicates that the GW relation has to be modified by boundary effects. Thus one has to find a modified overlap operator which breaks the GW relation near the time boundaries and correctly reproduces eq.(5) in the continuum limit. Actually, finding such a modified operator is not so hard. However, a new question naturally arising is how the SF boundary conditions emerge. For the Wilson fermion case [14] , because there is a transfer matrix, it is natural for fermion fields to follow the SF boundary conditions. However for chiral fermions, there is no such transfer matrix which can be defined from nearest neighbor interaction in the time direction. Therefore it is not an easy task.
Lüscher [12] gave another point of view to see how fields respect the boundary condition. In the quantum field theory, the correlation function can tell you what kinds of boundary conditions are imposed. As an example, let us see how the boundary conditions emerge for Wilson fermions whose action is given by
where ∇ µ and ∇ * µ are forward and backward covariant difference operators respectively,
In the SF setup, the sum over x in the action is a little bit subtle. We assume that the dynamical fields are ψ(x) with a ≤ x 0 ≤ T − a and the fields ψ(x) with x 0 ≤ 0 and T ≤ x 0 are set to zero. For this setup, the propagator may be defined by
For 2a ≤ x 0 ≤ T − 2a, eq.(11) turns out to be
On the other hand, at x 0 = a, we obtain
By substituting eq. (13) into eq.(10) with x = y we obtain
In the continuum limit, the first term is dominant
This shows that in the naive continuum limit, the Dirichlet type boundary condition (P + ψ| x 0 =0 = 0) is stable against the Neumann one (∇ 0 P − ψ| x 0 =0 = 0), and in the end the SF boundary conditions in eq. (2) emerge. It is plausible that similar things happen also for the chiral fermions case, as long as the locality and symmetry are kept in a proper way, although we expect that the coefficient of the lowest dimensional operators ( 1 a P + ψ) may be different from the above case, and more higher dimensional terms may appear in eq. (13) . The important point here is that continuum SF boundary conditions emerge dynamically in the continuum limit of the correlation function. This boundary condition is natural and automatically guaranteed to emerge from the dimensional order counting argument. Therefore, when we construct chiral fermions in the SF, we only have to prepare a modified operator by introducing an additional term which breaks the chiral symmetry near the time boundaries. Once this is fulfilled, then such an operator automatically turns out to be the desired one in the continuum limit without fine tuning. A final important note is that the form of the boundary term is irrelevant as long as it will go into a preferred boundary universality class. Therefore, there is a large amount of freedom when choosing boundary terms and one can use this freedom for practical purposes.
Following these guiding principles, Lüscher [12] proposed the operator:
with the parameter in the range |s| < 1. D w (0) is the massless Wilson operator in the SF. The key point here is the presence of the P term in the inverse square root which is given by
Note that this term is supported near the time boundaries and thus called a boundary operator. The presence of this term breaks the GW relation explicitly and the breaking is given by
It was shown in ref. [12] that this term is local and supported in the vicinity of the boundaries up to the exponentially small tails. Although this operator breaks chiral symmetry explicitly, other symmetries (the discrete rotational symmetries, C, P and T , flavor symmetry and so on) have to be maintained since the boundary conditions in eq.(2,3) are invariant under these symmetries. In addition, this operator has γ 5 -Hermiticity. In this way, the universality formulation can avoid breaking important symmetries, such as the flavor symmetry. This is a distinctive feature of this formulation compared with the orbifolding technique, where flavor symmetries cannot be maintained or, there is a constraint on the number of flavors.
Before leaving this subsection, let us summarized the guiding principles of formulating chiral fermions in the SF setup. What we learned from this construction is that, for an original chiral fermion operator, one has to introduce an additional term to break the chiral symmetry and then demand that such breaking only appears near the time boundaries. Furthermore, one must maintain important symmetries as well as γ 5 -Hermiticity. Once these conditions are fulfilled, it is automatically guaranteed that the such a lattice operator will correctly reproduce the continuum results according to the universality argument.
Formulation of domain-wall fermions
Let us apply the guiding principles given in the previous subsection to domainwall fermions. We propose a massless 1 domain-wall fermion action
where a massless operator with L s = 6 for example 2 in four dimensional block form is given by
with the chiral projections,
1 The mass term can be introduced in the usual way, namely
2 We restrict ourselves to an even number of L s , which is the case usually implemented.
We also assume that the dynamical fields are ψ(x, s) with a ≤ x 0 ≤ T − a. The block elements in eq. (22) are four dimensional operators and aD w is given by
The domain-wall height parameter usually takes a value in a range 0 < am 5 < 2. An important ingredient here is the presence of B in eq. (22) terms in the cross diagonal elements. The reason for this s-dependence is to break the chiral symmetry in a similar way to the usual mass term [15] . As mentioned before, such chiral symmetry breaking should be present only near time boundaries, therefore, we chose the B term as
which is supported near the boundaries. In this way, the time dependence is fixed. The spinor structure (γ 5 P ± ) is determined by imposing the discrete symmetries C, P and T and Γ 5 -Hermiticity. These requirements are not so strong to determine the spinor structure completely and therefore there is some freedom. The structure proposed here is only one of many solutions. Actually, we examined several choices of the spinor structure in the boundary term and confirmed numerically the universal results in the continuum limit for the lowest eigenvalue.
In the following, we take this boundary term in eq.(25). The boundary coefficient c is supposed to be non-zero to correctly reproduce the continuum theory as we will see in Section 3. It also plays an important role to cancel boundary O(a) cutoff effects and has a perturbative expansion
In the same way as in [13] , we tune the first coefficient c (0) as a function of the domain-wall hight am 5 ,
This is valid in the region where bulk O(a) can be neglected 3 ,that is, for sufficient large L s . In the process of this determination, one needs to define the operators of the axial vector current and pseudo scalar density. We give their definition together with that of the conserved axial current in appendix A.3. 
Structure of chiral symmetry breaking at tree level
In this subsection, let us check an important properties of the operator defined in the previous section. A reader may worry that even though the additional boundary term is localized to time boundary, after integrating over the fifth dimensional degree of freedom such breaking effects may leak into the 4-dim bulk and ruin the bulk chiral symmetry. To settle this question, we numerically investigate the structure of the chiral symmetry breaking by looking at the breaking of the GW relation
with the effective four dimensional operator [16, 17] det
The Pauli-Villars (PV) operator is defined as the massive DWF operator with am f = −1. To obtain the effective operator, first of all, we have to define physical quark fields
In terms of the propagator of domain-wall fermions defined from
that of the physical field is expressed
In terms of S q the effective operator is given by
In the SF setup, ∆ (Ls) in eq.(28) contains not only the bulk chiral symmetry breaking but also the boundary breaking. The former is supposed to be removed by taking L s to infinity. In such limit, boundary breaking effects remain and they are expected to be localized near time boundaries. To see this situation, we numerically compute ∆ (Ls) for a free operator. In the free case, we can perform the Fourier transformation for spatial directions. We study the momentum configuration p = (0, 0, 0) in the following. The remaining dimensions are only the time direction and spinor space, therefore for a given L s and the fixed spatial momentum configuration, ∆ (Ls) is a matrix with dimension 4(T /a − 1). Figure  1 shows the magnitude of ln(||∆ (Ls) (x 0 , y 0 )|| spin ), where the norm is taken for the spinor space only. By increasing L s , the bulk symmetry breaking is reduced. Finally at L s = 24, only boundary breaking effects remain and they are localized exponentially near the time boundaries. This is the expected behavior for overlap fermions [12] . We conclude that the presence of the boundary term causes chiral symmetry breaking, which decays exponentially away from the time boundaries for the effective four dimensional operator. 
Spectrum of D †
DWF D DWF To achieve better chiral symmetry, the (physical) eigenmodes of the domainwall operator should be localized near the boundaries of the fifth direction and propagate in the space-time directions. This should also be true in the SF setup, since the chiral symmetry is supposed to be maintained in the bulk. To observe such phenomena, we numerically compute the lowest eigenmode of the operator D † DWF D DWF with the trivial gauge configuration U (x, µ) = 1. In the free case, we can perform the Fourier transformation for spatial directions, and project out the momentum configuration p = (0, 0, 0). Thus, remaining indexes of the vector space are now the spinor, the time x 0 and the extra dimension s,
where the spinor indexes are suppressed. We set input parameters am 5 = 1 and θ = 0. θ is the parameter which controls the spatial boundary condition for fermion fields. (For more details, we refer to [18] .) We numerically compute the lowest eigenvalue and the corresponding eigenfunction ||ψ(x 0 , s)|| spin . We examine not only for c = 1 but also for c = 0 to investigate the importance of the presence of the boundary operator. The scaling behavior of the eigenvalue is shown in Figure 2 . For c = 1, L s dependence is too small to see on this scale. The lowest eigenvalues converge to their continuum values properly, therefore universality is confirmed. Furthermore, the associated eigenfunction shows nice localization behavior, namely being localizing for the fifth direction and propagating for the time direction, as shown in the left panel of Figure 3 . This shows that this mode is a physical one.
For c = 0 in Figure 2 , although all L s = 4, 16, 32 results tend to converge to the continuum limit, large L s results have a bending phenomenon in small a/L region and show no power decay in terms of a/L. This indicates that if one takes L s to infinite before taking a/L = 0 limit, the eigenvalue will likely converge to zero. If this is so, the theory with L s = ∞ does not belong to a correct universality class. Furthermore, the eigenfunction in the right panel in Figure 3 is localized on edges in the time-s plane. This is a typical unphysical mode. On the other hand, interestingly for small L s , the scaling behavior is rather mild. In the small L s case, the chiral symmetry breaking of domain-wall fermions are rather similar to that of the ordinary Wilson fermions. As in the Wilson fermions case, the bulk chiral symmetry breaking for DWFs due to finite L s plays some role in producing the correct continuum limit. This is the reason why DWFs with smaller L s and no boundary term B can produce the continuum results.
The results shown in this subsection show that the boundary term with c = 0 plays an important role for the theory to be in the correct universality class. 
Spectrum of D
We numerically compute the lowest ten eigenvalues of D † q D q with the parameter set am 5 = 1, θ = 0, π/5 and c = 1 in the presence of the the background gauge field (choice A in Ref. [19] ). The values obtained for L/a = T /a = 6, 12, 24 are summarized in Table 1 . All tables are given in appendix B The scaling behavior of the eigenvalues are shown in Figure 4 . Although we show two cases of L s , namely L s = 4 and L s = 32, it is hard to see the difference on this scale. We observe that they converge to the continuum values given in Ref [18] . This behavior persists for a variety of values of c, 0.5 ≤ c ≤ 1.5. This confirms universality at the tree level.
One-loop analysis of SF coupling
To check further universality at the quantum level and renormalizability, we perform the one-loop order calculation of the SF coupling.
Definition and results
We compute the fermion contribution to the SF coupling [18] 
(we set L = T as usual) at one-loop order for massless domain-wall fermions. The one-loop coefficient is given as
with a normalization (See [18] for details.)
The parameters η and ν parameterize the background gauge field [19] . In the actual calculation, we expand the η derivative and use the fact that the determinant is factorized for individual spatial momentum p and color sector b,
The trace tr concerns the spinor, the time indices and fifth coordinate only. It is maybe worthwhile to note that for our definition of DWF,
holds since the mass term does not involve the gauge field. We compute p 
Coefficients of Symanzik's expansion
From the Symanzik's analysis of the cutoff dependence of Feynman diagrams on the lattice, one expects that the one-loop coefficient has an asymptotic expansion in terms of a/L
Note that the coefficients A n and B n (n = 0, 1, 2, ...) depend on L s . We can reliably extract the first few coefficients by making use of the method described in Ref. [21] . For the usual renormalization of the coupling constant, B 0 at L s = ∞ should be 2b 0,1 where b 0,1 is the fermion part of the one-loop coefficient of the β-function for N f flavors QCD,
We confirmed that B 0 (L s ) for large L s (say L s = 16) converges to 2b 0,1 = −0.008443... up to three significant digits for the values of am 5 which we investigated. When the tree-level O(a) improvement is realized, we expect that B 1 = 0 holds. We check this to 10 −3 for the same parameter region as before. This shows that the formula for the boundary coefficient in eq.(27) works well to achieve the tree-level O(a) improvement to the precision considered here. In the following analysis, we set exact values B 0 = 2b 0,1 = −1/(12π 2 ) and B 1 = 0. A 0 gives information about a ratio of Λ-parameters. The obtained values of A 0 (L s ) as a function of L s are shown in Figure 5 . By combining the previous results from Ref. [18, 20] , the values of A 0 at infinity L s can be obtained, and are shown in Figure 5 as the horizontal lines. We observe that our results at finite L s properly converge to the known results at infinity L s .
To achieve one-loop O(a) improvement, we need to determine the coefficient of the fermion part of the boundary counter-term, c [18] at one-loop order. If one imposes an improvement condition [18] , one finds that
therefore we need the value of A 1 . The obtained values of A 1 are given in Table 3 . For future reference, we provide an interpolation formula for c 
for 0.7 ≤ am 5 ≤ 1.3.
5 Lattice artifacts of the step scaling function to one-loop order
In this section, we investigate lattice artifacts of the step scaling function (SSF) [22] σ(2, u), which describes the evolution of the running couplingḡ 2 (L) = u under changes of scale L by a factor 2, The lattice version of the step scaling function is denoted by Σ(2, u, a/L) which contains lattice artifacts. Such lattice artifacts are described by the relative deviation
By expanding the relative deviation in terms of the coupling constant u, one obtains
where the one-loop deviation, δ 1 (s, a/L), may be decomposed into pure gauge and fermion part [18] ,
We are currently only interested in the fermion part. We consider domain-wall fermions, thus the fermion part of the one-loop deviation
In terms of the one-loop coefficient of the SF coupling p 1,1 , the one-loop deviation is given by
Depending on the value of the boundary counter term c We show numerical results for the one-loop deviation in Tables 4 and 5 and the plots in Figure 6 , where we include those of the Wilson type fermions [18] and overlap fermion [13] for comparison. L s -dependence of DWFs is small. In the case of the clover action, c
(1,1) t is set to be the proper value to achieve oneloop O(a) improvement, and for Wilson fermions it is set to c 
Conclusion and outlook
In this paper, we provide a new formulation of domain-wall fermions in the SF setup by following the universality argument of Lüscher. In contrast to the previous formulation by Taniguchi, ours can deal with the boundary O(a) improvement properly, and there is no constraint on the number of flavors. To check that our formulation works properly, we investigate the spectrum and eigenmodes of the free operator, and perform a one-loop analysis of the SF coupling constant. Then we confirm universality at tree and the one-loop level and observe that all results investigated show the desired behaviors.
Before starting simulations, the boundary improvement coefficient c should be determined to one-loop order. This involves calculations of the SF correlators, f A , f P etc. given in appendix A. This could be done in a similar way to the case of the Wilson fermion.
As mentioned before, one of the most important properties of the universality formulation is that there are no restriction of the number of flavors. By taking advantage of this property, we may compute the renormalization factor of B K for N f = 3 QCD.
A Fermion correlators
In this appendix, I summarize fermion correlators, the boundary fields and so on which are often used in the SF setup.
A.1 Boundary fields
As given in Ref. [12] , the lattice version of the fermion boundary fields are defined
Here note that we use the physical quark fields defined in eq.(30) and (31).
A.2 Propagators
The propagators for the physical quark fields and the boundary fields are given by
A.3 Operators
We consider the degenerate quark mass case and an extension of the flavor space is done in a trivial way. In terms of the physical quark fields, the local operators are defined as
The conserved axial vector current is given by
where
with P (µ)
A.4 Correlators
The fermion correlators for the local operators in the SF are given by
After Wick contraction, they become
where the propagators are given in subsection A.2 and we have used
These correlators are the same as those of Wilson fermions except that the propagators are replaced by those of the physical quark field S q .
For the conserved axial vector current, a correlator is given by
As an example, at tree level, this can be expressed in terms of the propagator for domain-wall fermions as,
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